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Athree-dimensional stress analysis of a rocketmotorunder cyclic temperature loadingwas performed.Thenovelty

of the analysis lies in the use of a propellant constitutive model that accounts for the effects of viscoelasticity,

large deformation, temperature, pressure, and softening in monotonic and cyclic loadings. The material model was

validated for the cyclic effects in terms of stress as well as dilatation responses. The role of various damage model

parameters in the cyclic response was investigated. The distributions of these parameters were found to be consistent

with the stress–strain field predictions of the rocket motor analysis, indicating efficiency and stability of the

computational algorithm. It was concluded that the formulation and its implementation enables realistic stress

analysis of solid rocket motors under general loading and environmental conditions, providing valuable information

for their life assessment.

Nomenclature

aT = time–temperature shift function
C = right Cauchy–Green strain tensor
c, cmax = void content and its maximum value
c1, c2 = shift function parameters
c10 = Neo–Hookean energy density coefficient
�E = Green strain distortional part
f�sf� = cyclic loading function
G, K = shear and bulk relaxation functions
G0, K0 = initial shear and bulk moduli
G∞, K∞ = equilibrium shear and bulk moduli
Gi, Ki = Prony coefficients of shear and bulk moduli
g�sg� = damage function
�Iγ�t�, �Iγmax = distortional deformation and its maximum value
�I1, �I2 = invariants of deviatoric right Cauchy–Green strain

tensor
I1;σ , I2;σ = invariants of Cauchy stress
J = volume change ratio
Jc = volume change ratio due to inelastic deformations
Je = volume change ratio due to elastic deformations
Jth = volume change ratio due to thermal effects
�P = volumetric part of viscoelastic and elastic stresses
S = viscoelastic second Piola–Kirchhoff stress
sg, sf = internal state variables
T, T0 = temperature and its reference value
U0 = volumetric part of strain energy density function
αth = thermal expansion coefficient
γ = internal state variable
Π = deviatoric part of elastic stresses
σshear, σcrit = octahedral shear stress and its critical value

τi = characteristic times
�ψ0 = deviatoric part of strain energy density function
ωi = damage model parameters

I. Introduction

A RELIABLE service life prediction (SLP) of a rocket motor
depends on the accurate determination of the stress and strain

fields under typical storage conditions. Yearly and daily temperature
variations during storage are of particular interest because the
response of solid propellant is highly temperature-dependent. An
essential requirement for an accurate stress analysis under thermal
loading is a constitutive model that realistically represents the highly
nonlinear propellant behavior. A realistic constitutive model will be
useful for SLP if it is implemented in a computational tool, such as a
finite elementmethod. Tominimize convergence difficulties thatmay
result from mathematical nonlinearities, a robust and numerically
stable implementation algorithm is needed. To be of practical use in
the industry, the amount of test data required for model calibration
should be minimal. A model satisfying these criteria was previously
formulated by the authors in [1] along with a systematic verification
and validation procedure proposed in [2]. Literature regarding
propellant constitutive models and their computational implementa-
tion was surveyed in these publications.
In this paper, recent literature on propellant constitutive modeling

and rocket motor stress analysis is reviewed with an emphasis on
temperature effect considerations.
The followingmodels use a linear viscoelastic framework and allow

material moduli to vary with temperature as well as with other state
variables. Chyuan [3] included the propellant nonlinearity by varying
the bulk modulus as a function of compressive stresses. The study
showed that, for compressive thermal stress states, consideration of a
nonlinear bulk modulus significantly affects the response compared to
a linear analysis with constant bulk modulus. Hur et al.’s [4]
constitutive model is based on the calculation of effective shear and
bulk moduli of a propellant including the effect of voids, in addition to
those of the binder and particles. The moduli of the binder were
assumed to depend on temperature and strain rate. The model was
calibrated using data at various rates and temperatures, and its use
outside the calibration strain rate and temperature range was not
recommended. In addition, low-temperature representation of the
propellant behavior needed further study. Deng et al. [5] performed a
three-dimensional structural analysis of solid rocket motor (SRM)
grain subjected to thermal loading represented via cyclic Fourier series.
The relaxation modulus was modified to account for aging effects.
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It was concluded that thermoviscoelastic effects dominated the
mechanical behavior during short term, whereas aging affected the
behavior in the long term.
In the following works, a temperature-dependent damage parameter

or function is introduced in a linear viscoelastic formulation. Jinsheng
et al. [6] proposed a constitutive model where damage was assumed to
evolve as a function of temperature. The validation was based on
uniaxial test data with homogeneous deformation. Wang et al. [7]
investigated the behavior of propellants at low temperature and high
strain rate. Itwas determined that the dominating damagemechanism in
propellant depends on temperature and changes from dewetting and
matrix tearing at room temperature to particle brittle fracture at low
temperature. Therefore, damage evolutionwas considered todependon
temperature. The model accurately predicted uniaxial homogeneous
deformations. Extensive test data were used only to determine model
parameters; hence, further validation for tests not included incalibration
is needed. The three-dimensional constitutive model of Huiru et al. [8]
assumes Poisson’s ratio to depend on time and temperature. Themodel
was implemented into a commercial finite element code; however,
validation against test data was not provided. Three-dimensional
thermal cyclic and ignition pressurization analyses showed that Von
Mises stress predictions with viscoelastic Poisson’s ratio are
significantly higher than those with constant Poisson’s ratio. Xu et al.
[9] modeled the effect of temperature by modifying the calculation of
the reduced time used in time–temperature superposition. That is, in
addition to the standard shift factor, a variable called zero time was
defined. The latter takes into account the relaxation of the propellant
during the ramp loading to the strain level at which stress relaxation test
is conducted. The results had greater precision than the standard
procedure that uses time–temperature shift factor only.
Han et al. [10] proposed time–temperature–damage superposition

to account for mechanical aging due to temperature cycling
during storage. Time–temperature equivalencewas obtained through
the shift factor calibrated with relaxation test data at various
temperatures. Time–damage equivalence was established using
relaxation test data at various strain levels. The model was validated
for uniaxial constant-strain-rate tests.
The following experimental studies investigated short- and long-

term effect of temperature on the propellant response. Extensive
testing of SRM grain under thermal loading was carried to study
aging [11]. Sensors placed at the grain–case interface measured
temperature and bond stress throughout the cycles. According to
measurements, during repeated cycles between cold and hot
temperatures, peak stress decreased with each cycle, with the highest
reduction being in the first cooldown. Based on the shift factor
obtained from time–temperature equivalence, corrected strain rates
for cyclic loading were calculated [12], and uniaxial test conditions
equivalent to calculated rates were defined. Comparable results were
obtained for relative changes of peak stresses in successive cycles.
Liu and Thompson [13] presented experimental results for a high-
performance propellant at various strain rates and temperatures.
Based on dilatation measurements, it was concluded that, for the
initial linear portion of the deformation, the material was almost
incompressible, whereas at higher strain, volume change increased
due to the formation of voids following interface debonding. Test
data were conclusive regarding the dependence of the shear modulus
on the strain rate and temperature, whereas those of the bulk modulus
were found to be quite complex, partly due to difficulties involved in
accurate measurement of the bulk behavior.
A few studies considered the temperature effect within the finite

deformation framework. Constitutive models proposed by Jung and
Youn [14] and Yun et al. [15] are based on a viscoelastic dewetting
criterion that assumes a temperature-dependent adhesion energy.
Both models were implemented in finite element software.
Simulations of either implementation agree reasonably well with
test data for uniaxial and biaxial loading at various rates and
temperatures. Simulations of nonhomogeneous deformations were
not provided in either publication.
Based on the preceding survey, it was concluded that the propellant

constitutive models available in the literature were not assessed in
terms of their applicability to service life prediction. In particular,

three-dimensional stress analysiswithdamagingnonlinear viscoelastic
constitutive model was not carried out for a rocket motor subjected to
cyclic thermal loading.
The first objective of this work is to validate the constitutive model

and its implementation for cyclic loading of a three-dimensional
geometry. The second and main objective is to conduct three-
dimensional stress analysis of a rocket motor under thermal cyclic
loading. The effect of various model parameters and functions on the
responsewill be evaluated by comparing the predictionswith a finite-
strain viscoelastic model that does not account for damage and cyclic
softening.
The remainder of the paper is organized as follows. The basic

(i.e., nondamaging) three-dimensional viscoelastic formulation and
the damage model are summarized in Sec. II. Validation of the
constitutivemodel for cyclic loading is presented in Sec. III. In Sec. IV,
the predictions of a rocket motor subjected to thermal cyclic loading
are given. Conclusions and future work are presented in Sec. V.

II. Constitutive Model

The three-dimensional nonlinear viscoelastic constitutive model
described in this section represents the effects of strain rate,
temperature, superimposed pressure, and cyclic loading on the stress
and dilatational response of the propellant. The model is
characterized by uncoupled deviatoric and volumetric responses
and is expressed in terms of the second Piola–Kirchhoff stress as

S�t� � JC−1
Z

t

0

K�ξt − ξτ�
K0

∂ �P
∂τ

dτ� f�sf�
Z

t

0

G�ξt − ξτ�
G0

∂Π
∂τ

dτ

(1)

with �P � ∂U0

∂J
and Π � g�sg�J−2∕3DEV

�
∂ �ψ0

∂ �E

�

where DEV�⋅� � �⋅� − �1∕3��C: �⋅��C−1, and K and G are bulk and
shear relaxation functions and are normalized by initial valuesK0 and
G0. The effect of damage on the stress response is represented with
the function g�sg�.
U0 and �ψ0 are the volumetric and distortional parts of the energy

function and are selected as

U0 � 1

2
K�Je − 1�2 and �ψ0 � c10� �I1 − 3� (2)

with Je �
J

JthJc
; Jth � �1� αth�T − T0��3; Jc � 1� c�t�

where Je, Jc, and Jth are thevolume ratios due to elastic, inelastic, and
thermal effects, respectively; αth is the coefficient of thermal
expansion; and c�t� represents the volume change due to damage.
Although various energy forms are available in the literature, �ψ0

represents the undamaged material response, and for the propellant
considered in this work, it is well represented as Neo–Hookean
expressed in terms of �I1, the deviatoric invariant of the right Cauchy–
Green deformation tensor C, and a single material parameter c10.
Because of limitation of available test data, the propellant in this

work is assumed to have thermorheologically simple behavior. The
change of shear and bulk moduli with temperature is taken into
account by replacing the actual time t by the reduced time ξ�t�, as
shown in Eq. (1). The actual and reduced times are related to each
other through the shift function aT as

ξt � ξ�t� �
Z

t

0

dη

aT �T�η��
(3)

A. Damage Model

The main mechanism of damage is assumed to be the formation of
microcracks at the highly stressed particle–binder interface or the
binder itself. Motivated by the experimental data, the damage is

2 Article in Advance / TUNÇ ETAL.

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

E
X

A
S 

A
T

 A
U

ST
IN

 o
n 

A
ug

us
t 2

0,
 2

01
8 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.A
34

23
7 



associated with volume increase in an otherwise nearly
incompressible material. This inelastic volume change is represented
by variable c�t�, and its evolution is formulated as

_c�t� � ω2
�Iω3
γ �t�eP�t�∕ω1 (4)

where the octahedral shear strain �Iγ � �1∕6�
��������������������
2 �I21 − 6 �I2

q
accounts

for the effect of distortional deformation; the exponential term
represents the superimposed pressure effect; and ω1, ω2, and ω3 are
material parameters. The effect of damage on thevolumetric response
is captured by softening the initial bulk modulus according to

K � K0

1� ω4K0c�t�
�1 − c�t�� (5)

where ω4 is a material parameter.

B. Damage Initiation and Evolution

In solid propellants subjected to monotonic loading at a constant
strain rate, the volume increase coincides with softening of stress.
Therefore, it is assumed that damage starts when the octahedral shear
stress reaches a critical value [15], that is

σshear �
1

3

�������������������������
2I21;σ − 6I2;σ

q
> σcrit (6)

where I1;σ and I2;σ areCauchy stress invariants, and σcrit is assumed to
be rate- and temperature-independent.

The amount of stress softening resulting from damage is
represented with the function g�sg� introduced in Eq. (1). Because
initiation of damage leads to volume increase and is assumed to be
irreversible, the argument of the softening function is considered to
be the maximum value of damage-related volume change reached

Table 1 Material parameters of the constitutive model

Prony terms
Williams–Landel–

Ferry
Hyperelastic
coefficients Parameters

Gi T0 c10 ω1, ω2

G∞ c1 K0 ω3, ω4

τi c2 —— ω5, ω6

—— —— —— σcrit

Fig. 1 Test specimen.

Fig. 2 Uniaxial cyclic tensile test at 0.724 min−1 and20°Cwith one cycle
at 20% strain.

Fig. 3 Change of damage model parameters.

Article in Advance / TUNÇ ETAL. 3

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

E
X

A
S 

A
T

 A
U

ST
IN

 o
n 

A
ug

us
t 2

0,
 2

01
8 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.A
34

23
7 



throughout the loading history. The rate of change of the function
g�sg� with respect to sg is proposed as

dg�sg�
dsg

� ω5 ln �sg�esg∕ω6 (7)

where ω5 and ω6 are material parameters. Although the parameters
could be specific to each propellant batch, the shape of the function is
general.

C. Cyclic Softening

Solid propellants subjected to cyclic uniaxial or biaxial loading at a
constant strain rate show softening of stress during unloading and
reloading. The cyclic hysteresis is greater than what viscoelasticity
can account for. In the constitutive model described in this work, the
cyclic softening is represented with the function f�sf�, which
modifies the viscoelastic deviatoric stress as shown in Eq. (1).

Fig. 4 Uniaxial cyclic tensile test at 0.724 min−1 and 20°Cwithmultiple
cycles at 20% strain.

Fig. 5 Change of damage model parameters. Fig. 6 Rocket motor model: steel casing and solid propellant grain.
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The argument of f�sf� is defined as the ratio of the current octahedral
shear strain to its maximum value within a cycle:

sf �
�Iγ
�Iγmax

(8)

The cyclic function proposed here has three distinct branches for
loading, unloading, and reloading.

D. Calibration

The list of material parameters that were determined by fitting the
constitutive model predictions to test data is shown in Table 1. The
actual values are not given due to proprietary test data. A detailed
calibration procedure can be found in [1].

III. Validation of ConstitutiveModel for Cyclic Loading

The constitutive model was implemented as a user-defined
material (UMAT) into commercial finite element software [16].

Fig. 7 Temperature history.

Fig. 8 Von Mises stress (in megapascals) distribution at the end of the analysis.
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The implementation for the algorithm without damage was verified
against the built-in material model available in the software. The
damaging model was validated against test data. The verification and
validation of the model, except for the cyclic softening, can be found

in [2]. In the following, the predictive capability of the model for two
cyclic loading scenarios is presented. In particular, loading to failure
after a single cycle and loading to failure after multiple cycles
were considered. To evaluate the robustness of the implementation,

Fig. 9 Contour plots of state variables at the last time increment.
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a multi-element mesh was used. In particular, a finite element model
of the test specimen was prepared and used in the study. The
predictions of damaging model (UMAT) and nondamaging built-in
model (ABAQUS) were compared to experimental data.

A. Cyclic Loading: Multi-Element, Single Cycle

One quarter of the test specimen wasmodeled by using linear fully
integrated elements. Symmetry boundary conditions were applied at
the x, y, and z planes. The loading consisted of a single cycle at
0.724 min−1 and 20°C. Figure 1 shows the finite element model of
the specimen and the von Mises stress contour plot corresponding to
the last increment. The values shown in the legend are for the
nondamaging model. Stress and dilatation predictions at the location
indicated in Fig. 1 are plotted in Fig. 2 against test data and
nondamaging model predictions. All of the results were normalized
with respect to the maximum value of data in the test results. The
stress values compare quite well with the test data partially because
the single cycle loading was used in the calibration of the unloading–
reloading softening function. The agreement of the dilatational
response is entirely due to good predictive capability of the model.
Because the nondamaging model does not account for the stress
softening due to dewetting and that driven by cyclic loading, its stress
and dilatation predictions are not accurate. The history of void
content and damage model parameters is shown in Fig. 3. Bulk
moduluswas normalizedwith respect to its initial value. Void content
was normalized by itsmaximumduring the loading history. It is noted

that changes in both properties are not permanent, indicating that
voids may open or close during loading.

B. Cyclic Loading: Multi-Element, Multiple Cycles

The test specimenmodel described in Sec. III.Awas subjected to a
uniaxial multiple cyclic loading. Predicted stress and dilatation
histories are shown in Fig. 4. All results were normalizedwith respect
to the maximum value of the corresponding test data. The stress and
dilatation responses computed by the UMAT compare well with test
data, whereas the nondamaging viscoelastic model overestimates the
stress response and does not predict any dilatation. The history of
various model parameters, normalized as described in Sec. III.A, is
shown in Fig. 5. It can be observed that the bulk modulus value is
greatly reduced during initial loading when damage is increasing due
to newly forming voids. In subsequent cycles, when voids simply
open or close, there is no further damage and hence no significant
softening of the bulk modulus.

IV. Thermal Cyclic Analysis of Rocket Motor

In this section, finite element analysis of a rocket motor subjected
to cyclic temperature loading is presented. In the following, first, the
finite element model is detailed. Then, various results regarding
predictions under thermal cyclic analysis are presented. Distribution
of stress and constitutive model state variables is discussed.

A. Three-Dimensional Model of a Rocket Motor

The rocket motor analyzed consisted of the propellant grain and
steel casing. Because of symmetry, only one eighth of the specimen
was modeled as shown in Fig. 6. Three-dimensional quadratic
reduced-integration brick elements were used to construct the finite
element mesh. Symmetry boundary conditions were applied at the
symmetry planes x, y, and z.
Temperature history shown in Fig. 7, normalized by the maximum

value of temperature in the history, was uniformly applied to the
motor assembly.

B. Results

The distribution of vonMises stress corresponding to the end of the
thermal cycle is shown in Fig. 8 for themotor assembly and the grain.
Maximum vonMises stress is obtained at the bore at the y symmetry
plane. Figure 9 show contour plots of the octahedral strain Iγ�t�,

Fig. 10 Element where bond stress was evaluated.

Fig. 11 Bond stress and temperature history.
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void content c�t�, and bulk modulus K�t�. It is observed that all
variables have a smooth variation. The distribution of the octahedral
strain is similar to that of von Mises stress, and its maximum value
occurs also at the bore at the y symmetry plane. Because c�t� is
proportional to Iγ�t�, the void content distribution is similar to that of
the octahedral strain field. On the other hand, because bulk modulus
decreases with the increase of void content, the minimum value of
bulkmodulus occurs at the location ofmaximum void content. Based
on the consistency of the results, it is concluded that the material
model and the computational algorithm are stable in performing
three-dimensional thermal cyclic analysis of a rocket motor.
As stated in the literature review, dual stress and temperature

(DBST) sensors [17] are being evaluated in the industry for health
monitoring of SRMs. Typically, these sensors are installed at the
grain–case interface and measure the bond stress and temperature
throughout the life of the motor. Figure 10 shows an element at this

interface where a DBST sensor would typically be installed. The
bond stress history predicted at this location is shown in Fig. 11.
ABAQUS predictions are also included for a more complete
evaluation of the analysis. All stress values in the remainder of
this section were normalized by the maximum value reached in the
loading history with ABAQUS model. It is observed that the
UMAT peak stress reached in each load cycle decreases from
the first cycle to the next in accordance with DBST sensor data
reported in the literature [18]. This capability of the model is due to
the representation of the softening effects during unloading and
reloading. The histories of the cyclic softening function f�sf� and its
argument sf are shown in Fig. 12. If this effect is not accounted for,
the peak stress remains the same from cycle to cycle, as seen in
ABAQUS results.
To further understand the difference in response between the built-

in ABAQUS and the proposed model, the evolution of the damage

Fig. 13 Hoop strain history and softening function g�sg�.

Fig. 12 Cyclic softening function history.
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model parameters was investigated during the cooling part of the
loading history. State variable g�sg� and hoop strain at the bore are
shown in Fig. 13. It is observed that g�sg� remains equal to unity
during the entire loading history even at the location of maximum
hoop strain. Because this corresponds to the material response before
the onset of damage, the difference between the two models is
entirely due to modeling of the bulk behavior. This can be seen from
the histories of state variable c�t�, the dilatation, and the bulk
modulus, as shown in Fig. 14. It is observed that the void content
increases, and as a consequence, bulk modulus decreases during the
first cooling. It is therefore concluded that, even in the absence of
g�sg�, stress response softens due to the softening of the bulk
modulus.
To quantify the effect of the softening bulk modulus on the stress

response, an analysis with constant bulk modulus was carried out.
The predictions are shown in Fig. 15. It is observed that the user

material response is close to the built-in ABAQUS model for first
cooling. Afterward, the responses differ due to the presence of cyclic
softening function f�sf�.
Another parameter worthy of investigation is the Neo–Hookean

coefficient c10. This parameter is determined from a single constant-
strain-rate test. The data used in the calibration of the presented
model were from a strain rate much higher than that in the thermal
cycle loading used in this study. For transient thermal loading at
slow rates, the stress is underpredicted [1]. Therefore, to evaluate
the strain rate effect, Neo–Hookean coefficient c10 was recalibrated
to data for uniaxial constant-strain-rate loading at 0.00724 min−1,
which was the slowest available test. The rest of the model
parameters were kept the same. The bond stress predictions
corresponding to calibration at two different rates are compared in
Fig. 16. It is observed that the lower the temperature is, the greater
the bondline stresses are.

Fig. 15 Bond stress predictions for K�t� � K0.

Fig. 14 Evolution of UMAT state variables.
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In summary, the proposed damaging model and the corresponding
computational algorithm allowed to perform a three-dimensional
finite element analysis of a rocket motor under cyclic temperature
loading.

V. Conclusions

A three-dimensional nonlinear viscoelastic stress analysis of an
analog solid rocketmotor subjected to thermal loadingwas conducted.
The constitutive model representing the propellant accounts for stress
softening due to damage such as voids or microcracks as well as for
softening during unloading–reloading. The modeling of the cyclic
effect was validated using data from a uniaxial cyclic constant-strain-
rate test. For the thermal cycle analysis, the peak stress reached in each
load cycle decreased from first cycle to the next in accordancewith test
data from literature. It should be noted that the proposedmodel predicts
the softening of the maximum stress only in the second cycle. After
second cycle, no further decrease in the peak stress is predicted.
Continuous decrease of stress in cyclic loading may be considered as
leading to the end of service life, and itwill be a topic of future research
on reliability of solid rocket motor.
From a modeling point of view, comparison of the predictions with

test data suggested that the damagemechanism for very slow ratesmay
be different. This is important for simulation of storage conditions
where the rate is very low compared to the typical range for test strain
rates. Also, as future work, the predictions will be compared with
measurements from sensor data. Reliability of sensor data and
availability of both stress and strain measurements are important
factors to be considered in such comparison. Thermorheologically
complex material behavior or inclusion of rate-temperature effects in
the damagemodelmay be considered as part ofmodelmodifications to
assure validity in a wider range of strain rates and temperatures.
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